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Abstract
The Heun operator has been cast, in terms of the elements of an underlying su(1, 1) algebra,
under specific parametric conditions, for the purpose of spectrum generation. These elements
are differential operators of degrees±1/2 and 0. It is found that the regular singularities at 0 and
∞ of the general Heun equation must be elementary under the required parametric conditions.
The spectrum generation has been demonstrated through a set of examples.
Differential equations, in general, do not admit exact solutions. Several techniques have been de-
vised, to obtain partial, or in certain cases, the complete eigenspace of the differential operator
under study [1]. In this regard, the well known factorization method, which at a fundamental
level reduces the order of the differential operator involved, has found extensive applications [2].
The harmonic oscillator spectrum generating Heisenberg algebra, the Darboux transformation,
factorization of the hypergeometric equation by Schro¨dinger [3] and subsequent study of a large
class of equations by Infeld and Hull [2] serve as classic examples. Supersymmetric quantum me-
chanics (SUSYQM) uses factorization, to reveal unexpected interconnections amongst apparently
different quantal problems [4, 5, 6].
Group theoretical structures also have played significant role in unravelling the symmetry of dif-
ferential operators [1]. A partial algebraization of the whole solution space has been achieved [7,
8, 9] for a wide class of quantal quasi-exactly solvable (QES) Hamiltonians of one or more dimen-
sions, which are essentially hermitian differential operators of the second order. These Hamil-
tonians, or their appropriately similarity transformed versions, often take the form of some well
known differential operators, e.g., Heun, Lame´ etc. Hence, the study of the underlying symme-
tries of these operators is of immense importance and several attempts have been made to this
end. For example, the Lame´ equation has been expressed as a bilinear in both su(2) [10] and
su(1, 1) [11] generators. The latter case relates the non-unitary representations of su(1, 1), to the
eigenfunction of the periodic Lame´ potential. Closed form solutions for confluent hypergeomet-
ric and hypergeometric equations have been found [12], using a connection between the space of
monomials and the solution space of the above equations [13, 14], which reveals the underlying
su(1, 1) and deformed sl(2) structures, respectively [15].
Recently, the Heun operator has been cast [16] in terms of the elements of cubic deformations
of sl(2) algebra. This has led to two known solutions of a Heun equation, encountered earlier
by Christ and Lee [17]. However, non-linear deformations of sl(2), are associated with non-trivial
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representation theory [18]. Casting the differential operator in terms of linear sl(2) algebra enables
one to exploit available representation theory. Linear su(1, 1) symmetry of the Heun operator
is present in the literature [7]. In the present work, we use a different representation of su(1, 1)
generators. Under certain parametric conditions, this reveals a new symmtery of the equation
and leads to a number of solutions, that are unavailable from the methods in [7]. It is found that
this new symmetry exists if the singularities at z = 0 and z = ∞ are elementary1. Under these
conditions, an exact map is established between the Heun solution space and the unitary and
non-unitary representations of su(1, 1) algebra.
The Heun equation is given by [20]
Hy(z) = d
2y(z)
dz2
+
(
γ
z
+
δ
z − 1 +
ε
z − a
)
dy(z)
dz
+
αβz − q
z(z − 1)(z − a)y(z) = 0, (1)
with regular singularities at z = 0, 1, a( 6= 0, 1) and∞; the exponents at these singularities being
(0, 1−γ), (0, 1−δ), (0, 1−ε) and (α, β), respectively. Here, q plays the role of the eigen parameter.
In this work, we study Heun equations with only real parameters. The equation, being a second
order linear homogeneous equation with 4 regular singularities, satisfies the Fuchsian condition:
γ + δ + ε = α+ β + 1, (2)
allowing elimination of ε in favor of the others. Eq. (1) can be written as:
Hy(z) =
[
f1(z)
d2
dz2
+ f2(z)
d
dz
+ f3(z)
]
y(z) = 0, (3)
where, f1(z) = a0z3 + a1z2 + a2z, f2(z) = a3z2 + a4z + a5 and f3(z) = a6z + a7. The parameters
ai ∈ R, for i = 0, . . . , 7 are given by,
a0 =1 a3 = 1 + α+ β a6 = αβ (4a)
a1 =− (a+ 1) a4 = −[aγ + aδ − δ + α+ β + 1] a7 = −q (4b)
a2 =a a5 = aγ. (4c)
Evidently, the Heun equation consists of differential operators of degrees2 +1, 0 and−1, which are
denoted by P+, F (P0) and P−, respectively. Eq. (3) can then be rewritten as [16],
Hy(z) = [P+ + F (P0) + P−]y(z) = 0 (5)
where,
P+ = a0z
3 d
2
dz2
+ a3z
2 d
dz
+ a6z, P0 = z
d
dz
− j, P− = a2z d
2
dz2
+ a5
d
dz
(6)
and F (P0) = a1P 20 + ((2j − 1)a1 + a4)P0 + (j(j − 1)a1 + ja4 + a7) . (7)
The above operators satisfy cubic deformation of sl(2) algebra among themselves, which has been
exploited [16] to tract a part of the eigenspace of a Heun operator analytically, as mentioned earlier.
With the aim to cast the Heun operator in terms of linear su(1, 1) algebra, we define the constituent
operators as,
E+ = 2z
3/2 d
dz
+ 2µ
√
z, H = 2z
d
dz
+ µ+ ν and E− = 2z1/2
d
dz
+
2ν√
z
; (8)
1Any regular singularity can be characterized by two exponents ρ1 and ρ2, which are the two roots of the indicial
equation. The cases with |ρ1 − ρ2| = 1/2 are known as elementary singularity and are of special significance. All
regular and irregular singularities can be obtained by the coalescence of two and three or more elementary singularities,
respectively [19].
2The degree d, of an operator Od, is defined as the change in the power of a monomial, when acted upon by it, i.e.,
Od z
p ∝ zp+d.
where µ, ν and λ are parameters. The operators E+, H and E−, have degrees +1/2, 0 and −1/2,
respectively. They are found to satisfy su(1, 1) algebra, with commutators,
[H,E±] = ±E±, [E+, E−] = −2H (9)
and the Casimir:
C(µ, ν) =
1
2
(E+E− + E−E+)−H2 = −(µ− ν)(µ− ν − 1). (10)
The problem in question, determines the parameters of the constituent operators, which deter-
mine the Casimir value. The Casimir value, in turn, determines the representations available for
the algebra associated with the problem.
We now proceed to construct the differential operators P+, P− and F (P0), from the constituent
su(1, 1) generators and identify the conditions, under which this is possible. The constituent op-
erators are of degrees ±1/2 and 0, whereas, the degrees of operators P± and F (P0) are ±1 and
0, respectively. Hence, it is clear that the complete Heun operator will comprise of linear and
quadratic forms of the constituent operators3. Assuming the forms,
P+ = c+E+E+ and P− = c−E−E− (11)
where c± are constants, we obtain,
a0 = 4c+, a3 = 2c+(3 + 4µ) =
a0
2
(3 + 4µ), a6 = 2c+µ(1 + 2µ) =
a0
2
µ(1 + 2µ), (12)
a2 = 4c−, a5 = 2c−(1 + 4ν) =
a2
2
(1 + 4ν), 2c−ν(2ν − 1) = 0. (13)
Using Eqs. (12) and (4a), one can solve for µ, α, β:
|α− β| = 1
2
, (14)
implying the singularity at z =∞ is elementary. Similarly, using Eqs. (13) and (4c), one is left with
just two values of ν:
ν = 0 =⇒ a5/a2 = γ = 1/2 or, ν = 1/2 =⇒ a5/a2 = γ = 3/2. (15)
Above solutions of γ imply that the singularity at z = 0 is also elementary. Finally, F (P0) can be
written in the form
F (P0) = c2HH + c1H + c0, (16)
where,
a1 = 4c2, a4 = 2(c1 + 2c2(1 + µ+ ν)) and a7 = −q = c0 + (µ+ ν)(c1 + c2(µ+ ν)). (17)
Thus, a Heun operator with elementary singularities at z = 0 and z = ∞, i.e., with parametric
conditions Eqs. (14) and (15), becomes,
H = c+E+E+ + c−E−E− + c2HH + c1H + c0. (18)
The choices of E+ and E− fix the values of µ and ν, respectively, which in turn determines the
Casimir, C = C(µ, ν). Finding the solution to Heun equation, then boils down to identifying a
suitable representation space VC of su(1, 1) and finding a y ∈ VC , such that, Hy = 0. For su(1, 1)
algebra, there are five different classes of representation spaces [21] determined by the values of
C and h, the eigen value of operator H . These are shown in Fig. 1 and are listed below.
3Cubic and quartic combinations, such as E+E+H , E+E+HH , E+E+E+E− (and similar terms with E+ and E−
interchanged), are also of the desired degrees and therefore could be used in the construction of the Heun operators.
However, they contain differential operators of higher orders, not present in the Heun equation. Thus, the coefficients of
those undesired terms must be put to zero, which revealed no more parametric freedom than the chosen combinations.
−3/4−2−15/4 0 1/4
(PS)(PD/ND)
Casimir (Real line)
(Doublet)(Triplet)(Quadruplet)
(PD/ND/CS)
(Singlet) (PD/ND/PS)
Figure 1: Casimir value for su(1, 1) and corresponding representations are listed: positive discrete (PD),
negative discrete (ND), principal series (PS), complementary series (CS) and some finite dimensional ones
(open circles).
Principal series (PS): Infinite dimensional space, C ≥ 1/4, h ∈ (−∞,∞) and (C, h) 6= (1/4, 1/2),
Complementary series (CS): Infinite dimensional space, C ∈ (0, 1/4), h ∈ (−∞,∞), h 6= 1/2,
Positive discrete (PD): Infinite dimensional space, C ≤ 1/4, h ≥ 0,
Negative discrete (ND): Infinite dimensional space, C ≤ 1/4, h ≤ 0,
Finite dimensions: Finite dimensional space, C = −(n
2−1)
4 , h ∈
[−(n−1)
2 ,
(n−1)
2
]
with n ∈ N.
For a given value of Casimir C, one of the available representation space VC can be chosen. The
elements of this space are |C, h〉 ∝ zp, with p = (h − µ − ν)/2. We represent the solution y as a
linear combination of zp from VC and find the co-efficients. Due to the quadratic dependence ofH
on E+ and E−, we notice that, the solution space splits as VC = Ve⊕Vo — the even and odd states
of the representation space. The process of finding solutions in Ve and Vo is demonstrated below,
through a set of examples.
Example 1: We choose γ = 1/2, δ = ε = −1/2, αβ = 1/2. This leads to |α − β| = 1/2, ensuring
the singularities at 0 and∞ to be elementary. The Heun equation takes the form
d2y
dz2
+
1
2
(
1
z
− 1
z − 1 −
1
z − a
)
dy
dz
+
z − 2q
2z(z − 1)(z − a)y = 0, (19)
with µ = −1, ν = 0 i.e., C = −2. This allows the positive discrete and negative discrete represen-
tation spaces along with a triplet representation with h ∈ {−1, 0,+1} or p ∈ {0, 1/2, 1}. Choosing
the triplet space, Ve corresponds to p ∈ {0, 1} and Vo to p ∈ {1/2}, leading to the solutions
y1 ∈ Ve = z +
√
a, with eigenvalue q = +
√
a/2, (20)
y2 ∈ Ve = z −
√
a, with eigenvalue q = −√a/2 (21)
and y3 ∈ Vo =
√
z, with eigenvalue q = (a+ 1)/4. (22)
The positive discrete and negative discrete representations also yield solutions, not explicitly
shown for this example.
Example 2: We choose γ = 3/2, δ = ε = −1/2, αβ = 0, leading to |α − β| = 1/2. The Heun
equation is given by,
d2y
dz2
+
1
2
(
3
z
− 1
z − 1 −
1
z − a
)
dy
dz
+
q
z(z − 1)(z − a)y = 0 (23)
and corresponds to µ = −1/2, ν = 1/2 with C = −2, as in the previous case. Here, for the triplet
space, one obtains p ∈ {−1/2, 0, 1/2}, with p ∈ {0} being Vo. The solutions are:
y1 ∈ Ve =
√
z +
√
a/z, with eigenvalue q = −(a+ 1)/4 +√a/2, (24)
y2 ∈ Ve =
√
z −
√
a/z, with eigenvalue q = −(a+ 1)/4−√a/2 (25)
and y3 ∈ Vo = const., with eigenvalue q = 0. (26)
Here too, we have positive discrete and negative discrete representations, like the previous exam-
ple.
Example 3: Next, we analyze the Lame´ equation, which is a special case of the Heun equation:
d2y
dz2
+
1
2
(
1
z
+
1
z − 1 +
1
z − a
)
dy
dz
− q + ρ(ρ+ 1)z/4
z(z − 1)(z − a) y(z) = 0. (27)
Here, the singularities at z = 0, 1 and a are elementary and choosing ρ(ρ + 1) = 0, makes the
singularity at z = ∞ also elementary. With this choice, we have µ = 0 = ν, i.e., C = 0, giving us
the possibility to choose from singlet, positive discrete and negative discrete representations. The
singlet solution is, y0 = const., with q = 0. The positive discrete space splits into the even (V +e )
and the odd (V +o ) subspaces and the corresponding solutions, for a chosen eigenvalue q ∈ R, are:
y1 ∈ V +e = 1 + 2q
[
z
a
+
q + a+ 1
3
(z
a
)2
+
2q2 + 10q (a+ 1) + 8
(
a2 + 1
)
+ 7a
45
(z
a
)3
+ ...
]
(28)
y2 ∈ V +o =
√
z
[
1 +
4q + a+ 1
6
(z
a
)
+
16q2 + 40q (a+ 1) + 9
(
a2 + 1
)
+ 6a
120
(z
a
)2
+ ...
]
. (29)
Similarly, for the negative discrete space too, we have the even (V −e ) and the odd (V −o ) subspaces
and the corresponding solutions, for a chosen eigenvalue q ∈ R, are:
y3 ∈ V −e = 1 + 2q
[
1
z
+
q + a+ 1
3
(
1
z2
)
+
2q2 + 10q (a+ 1) + 8
(
a2 + 1
)
+ 7a
45
(
1
z3
)
+ ...
]
(30)
y4 ∈ V −o =
1√
z
[
1 +
4q + a+ 1
6
(
1
z
)
+
16q2 + 40q (a+ 1) + 9
(
a2 + 1
)
+ 6a
120
(
1
z2
)
+ ...
]
.(31)
The domain of convergence for the positive discrete space solutions is 0 < z < min{1, a}, whereas,
that for the negative discrete space solutions is max{1, a} < z < ∞. The solutions in infinite
dimensional spaces can always be written as a power series in z or 1/z, with an overall factor of
zp, p ∈ R, like the above four solutions.
For all the above examples, we have obtained solutions, which are not available from the previ-
ously known su(1, 1) symmetry of the Heun equation [7]. These solutions are presented here by
Eqs. (22), (24), (25), (29) and (31). It may be noted that all of them involve powers of
√
z, which
reflects the advantage of using a different representation of the su(1, 1) generators in the present
work.
In conclusion, we have found that, the Heun operator can be exactly cast as a quadratic polyno-
mial of elements of su(1, 1) algebra, if the singularities at z = 0 and z = ∞ are elementary. This
allows one to use the representations of su(1, 1) to find explicit solutions of Heun equation. The
finite dimensional representations yield polynomial solutions in
√
z, while positive and negative
discrete representations give power series solutions in z and 1/z, respectively, modulo an overall
factor of zp. Heun equation is connected with a host of physical problems, related to quantum
mechanical and non-linear systems. Hence, the relevance of the algebraically generated solution
space to these problems needs careful considerations. We intend to return to some of these prob-
lems in near future.
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